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Essentially unstable wave modes (formation and development of ship's wake,
its boundaries and zones outside it), as well as the conditions of establishment
of ship's waves are investigated, Asymptotic analysis of the problem with
respect to four characteristic parameters shows the existence of eleven zones

in which solutions are qualitatively different, In eight of these zones solutions
have qualitatively new asymptotic properties, while complete asymptotic
expansions that take into account unstable contributions are derived in the three
previously known zones, AIl this makes it possible to define the formation,
development, and onset of ship's wakes on the fluid free surface at any instant
of time,

Previously similar unstable problems were restricted to the investigation of the
region of the established ship's wake and its boundary [1,2], More detailed investiga-
tions of zones with different behavior of the free surface, but in the stabilized case of
were described in [3],

1, We consider the problem of motion of a perfect incompressible fluid of infin-
ite depth, induced by the uniform andrectilineartranslation over the fluid free surface
by the following system of normal stresses concentrated at a point:

av 1 v (LD
- = —?grad P, divV =0

. 0
P=pytogl Ve= 5, =0
(V,P}=0, z=—o00; {V,P,0}=0, 22+ y? = oo
{V e Po} =0, t=0; V= {Vx1 Vy’ Vz}
po=lim 28 (@ UOR 2 B £>0
B0
where z, y, z are orthogonal Cartesian coordinates, V is the velocity vector, §
is the rise of the fluid free surface at instant of time ¢, P is the hydrodynamic press-

ure, P, is the system of external normal stresses, and [ the velacity of its mot-
ion, ¢ is the fluid density, and g the acceleration of gravity.
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680 A.A. Zolotarev

Applying to problem (1, 1) the method of Laplace integral transformation with
respect to ¢ and the Fourier transformation with respect to z and Y, Wwe obtain for
the rise of the fluid free surface the integral representation

L= — 4pr1;,4 l?g 2§ i’ a*»sin (Kt VE) e 6, 1) adadddt (1.2
000

n@ )= + iKR(t)cos (6 — ),

R (1) = [(r. — cos y)? + sin?y]'/

K= égz , T :.%i (z 4+ Ut =rcosy,y = rsiny)

where r and ¥ are coordinates of a point in the movable polar coordinate system
connected to the stationary input system by the formulas appearing in parentheses,

2, Letus analyze ¢ in the region of the forward wave front (KT? < const <C
oo, T < const <C oo) and also, for limited times near the perturbation source
(KT < const << oo, T < const < o0) » but excluding the coordinate origin,
For this we expand in formula (1, 2) the sine in series and integrate with respect to a.
In the obtained expansion integrals of @ are calculated using the theory of residues,

Then, after passing to limit ~ (f — 0), we obtain
N 2 nHniup _
b= it Y, (— O S Ko@) (2.1)
m==0
T

D, (T,7) = S TaMHR (t)2m-3dt

0
T < const < oo, KT? < const << co (KT < const < o)

0<<vo<<|?], 7o = const

We pass in @, (T, ¥) to the new variable of integration R (Re R > V),

i.e,

v = cosy -+ 8 ¥V R? —sin?yp, &, = sign (v — cos )

Using formulas 2, 110 and 2,260 (2), and 2. 265 and 2, 271 (4) [4] we obtain

am+1

D (T, 7) = 3 (M + 1) (cos yym-+1lme (2.2)
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‘ B T — cos p)**!
J o - D ( v L s+1} B
2M4+2 ; (sin ,Y)‘Z (p+1) [R (T)lz (m—p)+1 ( COS ‘Y)
Drirley (s 5 1)

(sin p)2(M+D)
1, cosy 0

0 8 o _
Tamig = m[i——R(T)ﬁ'"l]. 6_{—-1, cosy >0

t
= omr1

_ s=2m)(s—2m+2)...(s— 2m 4 2p — 2)
Bp= Cm+1)2m—1)...2m —2p+1) (=1

((s=1)/2]
Gs_y = 2 Mg (sin 'V)zq {R (T) (T — COS ?)8—211-1 —
q=0
(— cos y)20-1} — Ad*1 (s> 1)
(s—1)(s—3)...(s—29+1)
M=, M= =2 =) (— 1)

—On .
Qf(lz—s-l-m—)—!—(}_l, s=2s; (5, >0)

Gio=InL; L=({1+cosy)/[R(T)+|T —cosy|l
0L T eosy(cosy<0)

=1+ cosp)[R(T)+ | T — cosy|]|siny]|-?
O<cosy<<T

0<pl<a, () = 2= tomekl) vy

s s 0

9\=0, S=2Sl+1 (81>0); A=

In the case of |y | = . we expand the integrand in series in powers of the comp-
lex [sin y /(v — cos y)]> << 1, integrate with respect to T, and obtain

& m s (2.3)
Oen (v = 3 (777 ) sin v,
=0
©
s = 3 ap COSYPTA P (T —cosy)* — 1, %= 2(m + 5+ 1)
p=0
w1
7 [ T — cosy
n=(”+1)a®[qu(7‘—cosy) —In [cos y] ]
q==0

ssim—1 m>1), o=2(m—s—1)
n = n~la, (cos p)** (T — cos y)~* — | cos y |-*]
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s>m—~1 (m>0), 0=4n

1
m — 28— 1

(dm - 1Y(dm). . {(4m —p -+ 2)
fp = @2m —2s—1)(2m —25—2)...2m — 25— p—1)

dg=Ix(x—1)...x—l?

Qo ==

Formulas (2, 1)-(2, 8) provide the solution of the problem for the forward front of
waves and indicate the wave pattemn near their surge except the half-line y = 0
and the coordinate origin,

3. We shall now analyze the rise of the fluid free surface in the zones of basic
perturbations (K — oo).  Using formulas 3, 937 [4] we integrate (1,2) with respect
to § , and obtain

L= — 98K
2nplt

o’ exp (gBU%a) sin (Kt V 2} Jo (KaR (v)) da dv

e ]
DL G

We then substitute for Bessel's function its asymptotics and, taking inte account
formulas 9,243 (2), 9,253, 8,956, and 8, 254 [4], for the estimate of the residue we
obtain

¢ = — Q [lmVy — 112K ReVy 4 9/16m:K "5V ,] + Ry .2
T T

Vi= | ;(r)eikedr (j=0,1), Vo= |R~(1)dr
4 ]

)= e ()=, S=3—2], M=4—j

fP()”zmm’ 7 )wRM{T)’ B RO

(j=0.1)

Q=8 |RI= 0K, 0<ash

[v1> 76> 0. vy = const

The use of the Van der Korput neutralizer [5, 61 show that integral V; (j = 0, 1)
depends only on  contributions of the integration interval end and on fixed points
T (m = 0, 1, 2) of the phase function ¢ (t) of that interval where

T, =0, T,,= @cosyF V9cos?y —8)/2
@ (Ty) =0 (m:O,’i,Z) B
Vo< lv] << ver cOS Y =2)2/3



Development of ship waves 683

Let us determine the contribution of the end point 7' to integrals V; (j = 0, 1).
Assuming  in  the interval [0, 7] the Van der Korput neutralizer

v(r)=1,—;;;-v(r)=0 n=1,2,..), 0<t<n
ddr,,, V(1) =0 m=0,1,...), T—n<t<T

1< T/2 T —n<R()

then

Vi=x"0) +x(T) (G=01) .2
T—n

% (0) = S v (7)Y, (1) etketn dy
y 0

%) = f[i —v (T)] P (T) €1K0O gy
1

The contribution of point T,
Yot (0) =0 (K-%), xi* (0) =0 (K-} (3.3)

was shown in [7] to correspond to nonwave-form deformations of the free surface, To

determine the contribution of point 7' we apply to the integral %y (I)  Fourier's
method, We have
N
% (T) = KoM [R(T)™ 20 dn (S, M) [KR(T)]"" 1+ Ry (3.4)
n=

0<v<|v), |K9'(T)]—>o00, K7|Ry/Ry|~ const
dn(S,M)=F("+1) B lexp (iné ""H) X

B 2B
Z (1 4 1) @b (S, M)

mz=(

Ba(S, M) = 3 4 (5, M) caom ()

Co(m) = ag",  ca(m) = Y, (km — 1+ R)aycni(m), n>1

k=0
Q S
Im (S, M) = 2 (S ) 6f-an_nC£nlen (811)
n=o0 -—n
Q =min(m,S§), H=T/R(T), p= (cosy—T)/R(T)

a? b

—— —

Ay — ————— ay =
0 lbolllB ] 1 B b,
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a(’;ﬂ b, 1 S mB —n 4+ m B
n="—""F 5 Ba,® mZJI{ n @mn-m (B) —
b N k(B 1) —(k +1
nbom Z { +n+m) (k+1)m akcm_k(B+n~m)}, n>2
=1
(m)
bn = PBiny Pm= E - m (2,1) = &," R (T) “—3— v m'(IT)
where C,," (1) are Gegenbauer's polynomials, In this case (0 << 7 << 1 or

T—1—0, K¢ (I)—> co) wesetin(3,4) § =28 = —1, and B =1,

Formulas (3., 2)-(3 4) determine the wave contribution to solution (3, 1) be defining
the wave development process up to the instant of time at which the ship's wake has
not yet appeared ( 0<C 7'<< 1), while that process for the instants of time (T; <
T < vy T > 1,), comesponding to the forming and formed ship's wake and (X; (T)
~> 0, T —» oo) for further development and establishment of phenomena outside the
ship's wake,

Let us consider the formation of the system of longitudinal waves of the ship's wake,
Inthat case 7 — 1y — 0, sothat Ko’ (T)— 0 if Yo <] <1 < 7,
The methods of Fourier and of stationary phase in its conventional form are no longer
applicable to the integral x; (T) of formulas (3.2) owing to K¢' (T) — 0 and
¢’ (T) 5= 0, respectively, In this case by transforming the phase function ¢ (T}
we separate the exponential term with its exponent tending to zero, and combine it
with the amplitude function, This yields the new phase and amplitude functions
@ (1) and ¥; (v; K)

P =0 @ —(—¢(x—1T7), ®(T)=0, ®(I)#0 (3.5
¥, (v; K) = v (v (v) exp liKo' (Tt — T)I, Kg' (T}~ 0, K— o0

The integral x5 (1) now assumes the form
v (T) = Ko S ¥ (1; K) elke®dr  (j=0,1)

to which, on the strength of properties (3.5) of function @ (r), we apply the

method of the stationary phase used in [7}, Denoting 25 (T) Ir—tico by
X5~ AT) s we obtain
Nr .
25 (T) [ran, = €K9D D' (— 1" R, K DR 4 Ry (3.6)
n=(

0Py < K@'(1)—0, K-—oo
K| Ry/Ry| ~ const

| W | K-Ni1S | Ry [< | ! | K-V
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n
b = Y G (S, M) ra R0 (T),
M=l

iK' (T) R (T)™

n s! Cn—m (m)

Ty =
==
where coefficients dm (S, M), and ¢, (m) are defined in (3.4) where it is
asumed that § — 4 §, = ¢, and B =2 ,6 Hence

V=1 (0)+ % Dlr-e (=01) (3, 7)

Formutas (3,3), (3.6), and (3,7) determine the wave contribution to solution (3, 1)
by defining the process of generation of the system of longitudinal waves in the ship's
wake,

The final stage of longitudinal wave formation in the ship's wake is defined as
follows 1, <{ 7 << Ty,2nd T —1; -+ 0 sothat K¢’ (T)—> 0 whenK — oo.
We reduce Y, (see (3, 1)) to the form

V;=I/ + I/ (i=0,1) (3.8)
k43 T

I = | (@) exemdr, I = [ ;(x)eFe® dv
0 Ty

Evidently /o' identicalto ¥, determined by formulas (3, 7) if we set in the
latter T = 7;. Itshould be noted that the limit values ;- (7) in formulas
{3,6) when 7 —» A {we denote these by X (t1)) are known contributions of the
stationary point t; (see formulas 4,5 in [7D), We have

If = 4" ) + %~ (@) (G =0,1) (3.9)

To separate the contributions of points 7y, and I' we apply the device of the Van
der Korput neutsalizer to integrals 7, and, using the method stationary phase, as
was done for 7 — 7, — 0, obtain

Vi=%" 0+ % (W41 @) — 1 O, G=01) (519
N *
%" (T) [ror, = K0 3 A JK-(+0i2 - R,

n==

OIS <t K¢'(I)—0, K—o
K-i| Ry/Ry | ~ const

| Myvan | K-NP-m | Ry | << | My | K-(N0es

% (1) = Hm ;% (7) |re,

where %;* (0) are determined by formulas (3,3) and coefficients Ay’ by
(3, 6) and {3, 4) where it is assumed that § = —1, §; = 1, and B = 2.
The above case relates to the development of the system of longitudinal waves in
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the ship's wake,
Let T << T < Ty, then

Vi= " 0)+ v () + % @)+ % () (=01) (3.11)
Yo<‘?l\<\’17 | K@’ (T) | — o0

where %" (0) are determined by formulas (3, 3) and %t (T)  is the limit value
of %;£(T)|r—, (the latter are specified in (3.6) and (3, 10), while % (T)
were determined earlier (see (3,4)) where 6 = 1, §; = —1, and B =1.

Formula (3, 11) determines the wave contribution in the solution (3, 1) at the instant
of time, when the system of longitudinal waves has been already established while the
system of transverse waves has not yet emerged,

If T— 7,4 0, andKo'(T') > Ojthe solution is derived similary to that in the
case of Tt £0. We have

Vi=9 0+ 57 @)+t @)+ 4 (Drwee G=0,1) (3,12

Yo |yl <, Ko (1)—0

V=57 (0) 57 (1) + 57 (70) + 57 (%) + 357 (70) — (3, 13)
% (D)lr-w (G=0,1)

KE(T) |7-sr, = HEWUT) ? (4= 1) MK -0 R,

n=0
0 po<|7|<vi <Vs» K@ (T)—0, K—oc
K| Ry/Ry| ~ const

| Mvas | K-N2-imt € | Ry | << | Ay | K- (N2
xE (Tw) = lim g2 (T) |7, (M =1,2)

where coefficients \,’  are defined in(3,6) for 6 =96, =1, and B =2,
Formulas (3, 13) and (3, 12) defined the formation and development of the system
of transverse waves in the ship's wake,
When T >7, including 7 — oo, we have

Vi=y* )+ xm () + %" () + % @) + " @) + (1) (3,10
G=0,1)
0< v <7<t <¥ |K¢'(I)|—>00, K—-o0

where %y (T) is determined as before (for 0 << T <C 1,) by formulas (3.4) where
6§ =1,6,=-—1, and B =1,

In (3, 14) the values of V; correspond to the formed systems of longitudinal and
transverse waves and define their subsequent development and establishment (X
(T) — 0 when T — o0).
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4, Letus derive the asymptotic expansion of integrals V; (j = 0, 1) determined
by formulas (3, 1) near the boundary of the ship's wake (| p | > y,). In the indicated
zone a merger of two stationary points of the phase function of integrals V; (lim 7,
=Ty, | 7| > P (m =1, 2)) takes place in the approach along internal
paths of region 95 <] 7| <{ ys that corresponds to the ship's wake, A numerical
analysis of stabilized problem carried out by Hogner appears in [31. The theory of
Euler's functions was used in [8] for the asymptotic analysis of integrals in connection
with an investigation of the conversion of single stationary points to double points,
Further increase of the multiplicity of stationary points would necessitate the introduc-
tion of new special functions of Airy's type [9],

The proposed here scheme makes possible the expansion of integrals by the method
of stationary phase without recourse to substantial additional investigation not only
in the case of increased multiplicity of internal stationary points but, also, in the case
of appearance of stationarity in integration intervals, in particular when the limit of
integration tends to a stationary point (single, multiple, and merging stationary points),

Let us investigate the process of formation of the ship's wake region boundary,

Let T—>,—0 be such that K {¢’ (T), ¢" (T)} > 0, K — oo.
We transform the integrals % (T) defined by formulas (3. 2), construct new
phase @ (r) and amplitude ¥; (v; K) functions of the form

D (v) = ¢(T) + ¢’ (T) (v — 1) + L (v — T) — ()
@' (T) = 0" (T) =0, ®”" ()%= 0
¥ (v K) = (1 — v (¥) s (v) exp {iK [¢' (T) (v — T) +

9" (T) T
At (e =11}

and obtain
T

1 4T) Irrtemo = KOO [ W (1, Ky eikom gy (j=0,1) (4D
1
Owing to the properties of the phase and amplitude functions of integral (4, 1), we
can apply to it the method of stationary phase, We substitute the variables

B=0(), Ret>0; v=17T4 R(T) i an8™!

m=0

Further application of the method of stationary phase [7] to integrals (4, 1) makes
possible to represent their asymptotic expansions as
3
Yo~ (T) IT—»t* = ¢iKe(T) 2 A K-8 L O(K"s/”)

n=0
Xl- (T) lT—»T* = ¢i&W(T) }\olK_‘/a + 0 (K—z/a)
'Yl'_’\’*’K{¢'(T)1(P'I(T)}—>O, K — oo, T'—>T*~—O

Ml = D A (S, M) P R(TYy 402~ (j = 0,1)

m=0

(4,2)
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n
P == 2 NemCrm (M)

M=
O\ Lkt (O kg (1) R (1)2F
Manty = fd 27K (1 2k o) (v =10,1)
k=0
where the coefficients ¢, (m) andd, (S, M)for § = §; = —1, and B=3

are determined in (3, 4),
Taking into account formulas (3, 2), (3,3), and (4, 2) we obtain

Vi=1% O+ 9 Oiron, G =0,1) (4.3)
(Y= K{o" (1), 9" (1)}>0, K— o0

The asymptotic expansions (4, 3) define the process of formation of the ship's wake
boundary,

Let us consider the case of | V| Y« and T — 7, -+ O that corresponds to
the development of the ship's wake boundary, The integrals  y; (7) in{3.2
are treated similarly to those in the case of T — 1, + 0. With allowance for (3, 2)
and (3.3) we obtain for V; asymptotics of the form

Vi= " 0) + 47 (7)) + %" (03} — %" (Dron,. F=0,1) (4.4)
3
%ot (T) |ror, = KN 3} A K- 4 O (K~*5)

nz==0

11 (D) Irar, = e KMMNGAK - - O (K'5)
17— e K{0“(T), o' (T} —0, K—oc, T—71,+0
1 (1) = Hm g% (0) I1oe,

where the coefficients An’ |r—tao are determined in (4,2) for 8§ =—1, § =1,
and B = 3.
Formulas (4. 4) define the development process of the ship's wake boundaries,
Asymptotic expansions (4, 3) and (4,4} are the same when T = 1,. ;
Asymptotics of integrals V; (j = 0, 1), are similarlyderived when 7 > Tq,
and | ¥ ] = vx sothat K {¢’ (x,), and 9"(1,)} — Owhen K — oo, which corres-
ponds to the established ship's wake and includes the process of its establishment. We
have
. (4.5)
Vi= %" 0+ o () + k" ) T (1) (G=01)
where %;* (0), and %;j (7) are the known contributions of the end points of the
integration interval (3,3) and (3,4), and functions %X (ty)  are determined by
formulas (4,2) and (4. 4) for T = 71,.

5. The complete wave pattem determined by V; (j = 0, 1)  is superposed
on the free surface deflection that is defined by the integral in formula (3. 1), When
0<|yl<m the substitution & = (v — cosy) /|siny| reduces integral V,
to elliptic integrals (3, 185(5) [4D
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W {a [213 (a,,, 7-5) —F (al, _'_/1_2_)} n (5.1

oo |22 (o 75) = (o )}

oy = arccos Y [siny|/R(T), @ =arccos} [siny], O |y|<n
& =1 §=—1, cosy<O

b=—1, 6=1, cosy >0, T < cosy

8, =1, 8 =1, cosy >0, T >cosy

Let | v|—> n. We represent R (1) as follows:

R (v) = (v — cos y)(1 + &)s, e = [siny/ (v — cos y)]®
Expanding the integrand in series for ¢ < 1, and integrating we obtain

= D Colsiny)™ [ cosp |2 — (T — cosy) 2™ (5.2)
n=>0

- n 1- 5 9 (4?1 ——1) 1-om
Co=(—1) nl (4n+3} 2

Ip|—a, a<l |yl <

Deflection of the fluid free surface is determined by formulas (5, 1) and (5, 2} in-
cluding its development and establishment,

It should be noted that the principal terms of the asymptotics of solution outside
the ship's wake region are the same as in earlier solutions [1], A similar agreement
between principal terms of asymptotic formulas for the systems of longitudinal and
transverse waves and, also, for the ship's wakeboundaries is observed in the stabilized
case [3,7],

The author thanks E, N, Potetiunko for his interest in this work and discussion of
results and, also, the Reviewer for useful remarks,
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